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Abstract
In this paper we have consider the thermodynamics of a photon gas subject to the presence
of a minimal measurable length following from a covariant extension of the original generalized
uncertainty principle (GUP). After establishing consistently a generalized dynamics, we define a
GUP deformed Maxwell invariant which serves as the basis for our study. In order to highlight the
GUP effects we compute the one- and two-loop order contribution to the partition function at the
high-temperature limit. Afterwards, by computing the internal energy density we conclude that
the additional terms can be seen as corrections δσgup to the Stefan-Boltzmann law due to GUP
effects.
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1 Introduction
Along the last decades several heuristic proposals have provided model-independent features and
insights for a better understanding of the Nature behaviour at shortest distances, i.e. of a quantum
theory of gravity, these are highly motivated with phenomenological inspirations [1]. The search for
a common description of particle physics and gravity and for a quantum theory of the gravitational
sector is certainly one of the most outstanding and longstanding problems in physics. Space-time
noncommutativity and non-Heisenberg uncertainty relations naturally emerges at Plank scale in at-
tempts to accommodate Quantum Mechanics and General Relativity in a common framework [2–5];
it is generally believed that our smooth classical picture of spacetime should break down at small
distances since quantum fluctuations start to dominate.
One common feature of such frameworks is the existence of a minimal measure length that is
ascribed to quantum gravitational effects, or even that the continuum representation of spacetime
breaks near to Planck scale EPl , suggesting in this case that Planck’s length ℓPl acts as a minimal
measurable length scale [6] 1 in almost all frameworks of quantum gravity (string theory, black hole
physics, loop quantum gravity, etc) [2, 3].
In this way, in order to incorporate the presence of a minimal measurable length scale in a given
theory, its canonical structure is changed and hence Heisenberg uncertainty principle is modified,
which is then generalized to a new uncertainty principle, the so-called generalized uncertainty princi-
ple (GUP) that encompass this minimal length scale [3, 7–11]
∆xˆ& h¯
∆pˆ
+ const. G ∆pˆ (1.1)
Another consequence in order to encompass the presence of a minimal length is that the canonical
Heisenberg algebra, [xˆ, pˆ] = ih¯, is modified to a non canonical form – in agreement to the generalized
uncertainty principle. Thus, in this context, the commutation relation of the position and momentum
1Notice however that the not necessarily the minimal length must be at Planck scale. There are some proposals where
the minimal length is in an intermediary scale, placed between the electroweak and Planck scale.
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operators is now momentum and/or position operator dependent and can be represented generally by
the expression [xˆ, pˆ] = ih¯ f (xˆ, pˆ), where f (xˆ, pˆ) is some function of the operators xˆ and pˆ; so that all
the GUP can be obtained from a given function f (xˆ, pˆ). Notice that the ordinary case is recovered
when this function goes to unit.
In the sense of a GUP, a simple deformation of the Heisenberg algebra given as [2–4]
[
xˆi, pˆ j
]
= ih¯
(
δ ij + α˜
(
pˆ2δ ij +2pˆi pˆ j
))
, (1.2)
is found to be consistent with the existence of a minimum length, with α˜ = α˜0 (ℓP/h¯)2 = α˜0/(MPc)2,
and α0 is a constant assumed to be of order of unit.
On the other hand, in a generalization of special relativity, there are approaches that suggest the
existence of an independent observer scale which could be a Planck energy scale, this is the so-called
doubly special relativity (DSR) [12–14]. It should be remarked that the interesting thing about DSR
is that it preserves Lorentz symmetry and the basic postulates of special relativity, but in addition it
introduces an upper limit of energy. It is also possible to express the DSR feature of a maximum
momentum scale in the form of a deformed algebra [13, 14]
[
xˆi, pˆ j
]
= ih¯
(
δ ij− ε˜
(√
pˆ2δ ij +
pˆi pˆ j√
pˆ2
))
, (1.3)
where ε˜ = ℓP. One can, however, define a new algebra encompassing both features of GUP and DSR,
minimal length and maximum momentum, respectively, so that the commutators read [15]
[
xˆi, pˆ j
]
= ih¯
(
δ ij− ε
(√
pˆ2δ ij +
pˆi pˆ j√
pˆ2
)
+α
(
pˆ2δ ij +2pˆi pˆ j
))
, (1.4)
in this case the relations
[
xˆi, xˆ j
]
= 0 =
[
pˆi, pˆ j
]
are ensured via Jacobi identity. For instance, the
one-dimensional GUP is found to be
∆xˆ∆pˆ≥ h¯
2
(
1−2ε 〈pˆ〉+(3α−2ε2)〈pˆ2〉) , (1.5)
in particular, we see that the choice α = 2ε2 reproduces the results of the GUP as proposed by
ref. [15]. As a result, we find out from this expression that ∆xˆ≥ (∆xˆ)min ≈ ε0ℓP and ∆pˆ≤ (∆pˆ)max ≈
MPc
ε0
. Additionally, we see that the physical momentum is modified as follows
xi = x˜i, pi = p˜i
(
1−α
√
p˜2 +2α2 p˜2
)
, (1.6)
where the tilde operators satisfy the usual canonical Heisenberg algebra. In view of these effects, one
observes a modification into the energy-momentum dispersion relation so that E2(p)= p2c2
(
1−α
√
p2
)2
+
m2c4. Such modifications definitely have prominent effects in a plethora of quantum physical phe-
nomena [16–20]. One particular and rich context where GUP implies essential effects is into statisti-
cal and thermodynamic properties of any physical system [21–26]. This is due to the fact that GUP
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changes the number of accessible microscopic states of the phase space volume, which thus modify
the density states.
Although studies have been presented investigating thermal effects on physical systems, ideal
gas or photon gas, in the presence of different types of GUP, we wish here to analyse photon gas
thermodynamics from a field theoretical point-of-view. Hence, for this purpose we will consider
a covariant extension of the algebra (1.4) proposed in Ref. [27], and employ it in the analysis of
thermal effects on a photon gas. The work is organized as follows. In Sec. 2, we briefly review the
main aspects of the covariant deformed Heisenberg algebra, and deduce a generalized field strength
tensor associated to this deformed algebra. Moreover, we propose a functional action for the gauge
field based on this generalized field strength tensor, and determine the respective Feynman rules which
takes into account leading GUP effects. In Sec. 3, we compute the one-loop diagrams contribution to
the effective Lagrangian. Next, in Sec. 4, we proceed and calculate the two-loop graphs contribution
at high-temperature limit to the effective Lagrangian. Thus, based on the one- and two-loop results
we compute the internal energy density. Finally, our conclusions and remarks are given in Sec. 5.
2 Covariant deformed Heisenberg algebra
It is of our interest to consider a GUP formulated so that the time component is included [27] – an
extension of the algebra (1.4). Thus, we have
[xˆµ , pˆν ] = i
(
δ µν − ε
(√
pˆ2δ µν +
pˆµ pˆν√
pˆ2
)
+α
(
pˆ2δ µν +2pˆµ pˆν
))
. (2.1)
Moreover, we can define a new set of phase-space variables
xˆµ = xµ , pˆν =
(
1− ε
√
p2 +α p2
)
pν , (2.2)
so that they satisfy the canonical commutation relations [xµ , pν ] = i, it can be shown that (2.1) is sat-
isfied. In particular, pν can be interpreted as the momentum at low energies (where the representation
in position space reads pν =−i∂ν ) while pˆν is that at higher energies.
Although this generalized GUP has both minimal length and maximal momentum (time and en-
ergy) the ε-dependent term gives non-local contributions which complicate substantially our analysis
in regard to the gauge fields (for instance, when taking the minimal coupling in configuration rep-
resentation pν = −i∂ν →−i∇ν , we obtain
√
p2 →√−∇ν∇ν =
√
−(∂ + iA)ν (∂ + iA)ν ). Hence,
we shall take ε = 0 and concentrate our analysis only on the α-dependent terms – that will engender
minimal length and time effects.
Perhaps an alternative way to workaround the problematic non-local behavior due to the use of
minimal coupling in the above realization of position and momentum operators, i.e. those
√
p2 ε-
dependent terms, is to find a generalized procedure of minimal coupling such as in Ref. [28]. There the
authors find Lorentz force and Maxwell’s equations on kappa-Minkowski space-time by postulating
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that the momentum (with gauge field) p → pi satisfies the same commutation relation as p. Hence,
this generalized approach could help us to circumvent the above non-local issues, or at least give
us insights, since it is expected that this approach give us different realization for the operators xˆµ
and pˆµ in (2.2), so that terms like
√
p2 are fully removed, but at the same preserving the GUP
structure. Nonetheless, this proposal should be further elaborated and in a positive case analyzed for
a development of a deformed electrodynamics.
Based on the above discussion, one can immediately conclude that a GUP, actually the variables
from (2.2), leads to an action of infinite order in derivatives, implying thus in an infinite series of
interaction terms. This is the most interesting point that we wish to explore. In particular, one can
easily see that a calculation to the first order already yields additional interactions terms of the gauge
field.
We shall now apply GUP, i.e. (2.2), to the free Dirac action and then resort to the (minimal
coupling) gauge principle in order to develop the formalism for the gauge fields. In this deformed
scenario, the action reads [29]
S =
∫
d4xψ
[
i
(
1−α∂ λ ∂λ
)
γµ ∂µ −m
]
ψ, (2.3)
it is easy to see that this action is invariant under a certain global symmetry transformation. Now,
if we extend this to a local transformation, the additional derivatives also act on the local unitary
operator U (x), so we must have the replacement [30](
1−α∂ λ ∂λ
)
∂µ →
(
1−α∇λ ∇λ
)
∇µ . (2.4)
Hence, from this minimal coupling, in the same way the usual covariant derivative satisfies
δ
(
∇µψ
)
=U (x)
(
∇µψ
) (2.5)
one can show that the transformation of the subsequent term reads
δ
(
∇λ ∇λ
(
∇µψ
))
=U (x)
(
∇λ ∇λ
(
∇µψ
))
, (2.6)
note that [γµ ,U (x)] = 0, since here U (x) does not refers to a spacetime transformation, otherwise
we should have γµ →U (x)γµU† (x). According to the above transformation rules, it shows to be
convenient to define a GUP covariant derivative
Dµ =
(
1−α∇λ ∇λ
)
∇µ , (2.7)
in particular, we see that it behaves as the usual covariant derivative under a local gauge transforma-
tion, i.e. Dµ →U (x)DµU† (x).
Consequently, a generalized definition of the field strength tensor for the gauge fields follows
naturally. This is achieved by the definition
iFµνΦ =
[
Dµ ,Dν
]
Φ. (2.8)
5
In particular, this relation is well motivated and necessary so that the field equations following from
the action for the gauge field (built from such definition) contain GUP effects. Furthermore, no-
tice that from this definition the gauge invariance of the field strength tensor follows as Fµν →
U (x)FµνU† (x).
We can now compute an explicit expression for the generalized field strength tensor up to α-order,
so that it yields
iFµνΦ = i
((
1−2α∇ρ ∇ρ
)
Fµν −α
(
∇ρFµρ +Fµρ∇ρ
)
∇ν
−α (Fρν∇ρ +∇ρFρν)∇µ
)
Φ+O
(
α2
)
, (2.9)
here we have introduced the usual Abelian field strength Fµν = ∂µAν −∂ν Aµ . Thus we have that the
Maxwell’s invariant reads [30, 31]∫
FµνF
µν =
∫ {
FµνFµν +4α
(
∂ ρ Fµν
)2
−8iα (AρFρν)(∂ µ Fµν)+8α (AµFµν)2 +4α (AρFµν)2}+O (α2) . (2.10)
The gauge invariance of the generalized Maxwell’s invariant follows from the gauge invariance of the
field strength tensor Fµν . Moreover, notice that the first two terms are those present in the Bopp-
Podolsky generalized electrodynamics [32, 33]. These are higher-derivative (HD) terms and they
have several problems associated with their presence, for instance unitarity [34]. However, they have
prominent role in gravity [35]. Nonetheless, we shall use the action defined by (2.10) in our analysis
of thermal effects.
On the other hand, we can also consider a second invariant∫
FµνG
µν =
∫ {
Gµν Fµν +4α∂θ Gµν∂ θ Fµν +4αGµνFµν Aθ Aθ +8αAθ Fµθ AνGµν
+4iαAθ Fµν∂θ Gµν −4iαGµν Aθ ∂ θ Fµν +8iαAθ Fθ µ∂νGµν
}
+O
(
α2
) (2.11)
which is also gauge invariant, where we have introduced a dual for the field strength tensor Fµν
defined as field strength tensor Gµν = 12εµνλσF
λσ
. That can be used for instance in the analysis of
GUP effects on nonlinear electrodynamics, for instance in the Born-Infeld electrodynamics.
In order to proceed with our analysis let us consider the following functional action
Sc =−14
∫
FµνF
µν (2.12)
The next step is to derive the Feynman rules from (2.12). The gauge field propagator is found when we
choose a suitable gauge fixing condition, in which we consider here a non-mixing Lorenz condition
given as [36, 37]
Ω [A] =
√
(1+α)∂µAµ = 0, (2.13)
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notice that this is a pseudodifferential operator [38]. Thus, we have that the propagator reads
iDµν =
1
(1−αk2)k2 η
µν − (1−ξ ) 1
(1−αk2)k4 k
µ kν , (2.14)
In particular, we take the Feynman gauge ξ = 1, so that we find a simple expression
iDµν =
1
(1−αk2)k2 η
µν =
[
1
k2 −
1
(k2−α−1)
]
ηµν . (2.15)
The remaining Feynman rules, i.e. for three and four gauge fields, can be obtained straightfor-
wardly from the action (2.12). The three-gauge field vertex 〈AµAνAλ〉 reads
iΓµνλ (p,q,k) =−α
2
δ (p+q+ k)
[(
qµδ νσ + pν δ µσ −ηνµ (pσ +qσ )
)(
k2ηλσ − kλ kσ
)
+
(
kµδ λσ + pλ δ µσ −ηλ µ (pσ + kσ )
)(
q2ηνσ −qνqσ)
+
(
kνδ λσ +qλ δ νσ −ηλν (qσ + kσ )
)(
p2ηµσ − pµ pσ)], (2.16)
while the four-gauge field vertex
〈
AµAν Aλ Aσ
〉
is
iΓµνλσ (p,q,k,r) =
=
α
4
(
2ηψpi ηφτ ηβω +ηφpi ηψτ ηβω
)
δ (p+q+ k+ r)
×
{(
rφ δ σβ − rβ δ σφ
)
(qpiδ νω −qωδ νpi )
(
δ µτ δ λψ +δ µψ δ λτ
)
+
(
rφ δ σβ − rβ δ σφ
)(
kpiδ λω − kωδ λpi
)(
δ µτ δ νψ +δ µψ δ ντ
)
+
(
rφ δ σβ − rβ δ σφ
)(
ppiδ µω − pωδ µpi
)(
δ ντ δ λψ +δ νψδ λτ
)
+
(
kφ δ λβ − kβ δ λφ
)
(qpiδ νω −qωδ νpi )
(
δ σψ δ µτ +δ στ δ µψ
)
+
(
kφ δ λβ − kβ δ λφ
)
(rpiδ σω − rωδ σpi )
(
δ µτ δ νψ +δ µψ δ ντ
)
+
(
kφ δ λβ − kβ δ λφ
)(
ppiδ µω − pωδ µpi
)(
δ ντ δ σψ +δ νψδ στ
)
+
(
qφ δ νβ −qβ δ νφ
)(
kpiδ λω − kωδ λpi
)(
δ σψ δ µτ +δ στ δ µψ
)
+
(
qφ δ νβ −qβ δ νφ
)
(rpiδ σω − rωδ σpi )
(
δ µτ δ λψ +δ µψ δ λτ
)
+
(
qφ δ νβ −qβ δ νφ
)(
ppiδ µω − pωδ µpi
)(
δ σψ δ λτ +δ λψ δ στ
)
+
(
pφ δ µβ − pβ δ
µ
φ
)(
kpi δ λω − kωδ λpi
)(
δ σψ δ ντ +δ νψδ στ
)
+
(
pφ δ µβ − pβ δ
µ
φ
)
(rpiδ σω − rωδ σpi )
(
δ ντ δ λψ +δ νψ δ λτ
)
+
(
pφ δ µβ − pβ δ
µ
φ
)
(qpiδ νω −qωδ νpi )
(
δ σψ δ λτ +δ λψ δ στ
)}
. (2.17)
It is of phenomenological interest to highlight the effects of these new two tree vertices α–
coupling in comparison to the usual fermions and photon e–coupling. These two contributions can be
in principle compared at the light-by-light scattering, since all three these vertex have a finite contri-
bution. It is known that at one-loop this process is of e4-order, but it also have α4-order and α2-order
contributions from the
〈
AµAνAλ
〉
and
〈
AµAν Aλ Aσ
〉
vertices, respectively. But, since the value of α
is presumably related to Planck scale, its contribution is rather small in comparison to the e–coupling
contribution, giving hence a rather tiny contribution to any outcome value comparable to data.
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Figure 1: One-loop ring contributions: photon and ghost loops.
3 One-loop calculation
The first contribution comes from the quadratic part of the action (2.12), augmented by the non-
mixing gauge-fixing and ghost fields is given by 2
LAA+cc =−14F
µν Fµν − 14m2
(
∂ ρ Fµν
)2− 1
2ξ
(√
(1+m−2)∂µ Aµ
)2
+∂µ c
√
(1+m−2)∂µc (3.1)
The lowest order contributions to the effective Lagrangian are the (one-loop) ring diagrams from the
photon loop and ghost loop Fig. 1
L
(1) =Lp+Lgh, (3.2)
where each contribution reads
Lph =−12 lnDet
(
Mµν
)
, (3.3)
Lgh = lndet
(√
1+m−2
)
, (3.4)
in which we have the following differential operator
Mµν (x,y) =
[
ηµν−
{
1− 1ξ
}
∂µ∂ν
](
1+m−2
)
δ (x,y) . (3.5)
Notice that in Lph we also have the determinant on the spacetime indices in addition to the Hilbert
space. Now, in this case we find the result Det
(
Mµν
)
= 1ξ [(1+α)]
4
Lph =−2lndet
((
1+m−2
)

)
, (3.6)
Lgh = lndet
(√
1+m−2
)
. (3.7)
2By means of notation, we shall consider henceforth m2 = α−1.
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Moreover, in the imaginary time formalism we can express these contributions as
L
(1) =−3
2
lndet(1+α)− lndet, (3.8)
=− 3
2β ∑nB
∫ dω−1 p
(2pi)ω−1
ln
[
β 2
(
1− p
2
m2
)]
− 1β ∑nB
∫ dω−1 p
(2pi)ω−1
ln
[−β 2 p2] , (3.9)
where we are considering by means of generality a ω-dimensional spacetime in order to compute the
momentum sum/integral. It should emphasized that the sum is over p0 = iωnB , where ωnB = 2npiβ is
the bosonic Matsubara frequency. In order to evaluate the sum/integrals in Eq.(3.8)
L
(1) =− 3
2β ∑
∫
nB
ln

β 2

1−
[
(q0)2−|q|2
]
m2



− 1β ∑
∫
nB
ln
[
−β 2
[
(q0)2−|q|2
]]
. (3.10)
where we have introduced the notation for the bosonic sum/integral
∑
∫
nB
≡∑
nB
∫ dω−1 p
(2pi)ω−1
. (3.11)
It is important to notice that the massive sector has the expected correct number of three degrees-of-
freedom (d.o.f.), this matches the obtained results from Podolsky’s theory [39]. The massless part has
two degrees of freedom (#d.o.f./2 = 2/2 = 1), while the massive sector has three degrees of freedom
(#d.o.f./2 = 3/2).
We should remark that as usual all temperature-independent parts of (3.10) lead to a divergent
result, i.e., the zero-point energy of the vacuum, and they are subtracted off since they adds to an
unobservable constant. Next, the massless bosonic sum/integral can be readily evaluated
I(1)B1 =∑
∫
nB
ln
(
−β 2
[
(q0)2−|~q|2
])
= 2
∫ dω−1q
(2pi)ω−1
ln
(
1− e−βωq
)
, (3.12)
with ωq = |~q|. Besides, we can make use of the known result for the bosonic integration
∫
∞
0
zx−1
ez−1dz = Γ(x)ζ (x) , (3.13)
in order to get
I(1)B1 =−
2β 1−ω
(4pi)
ω−1
2
Γ(ω)ζ (ω)
Γ
(
ω+1
2
) . (3.14)
Moreover, in order to compute the massive bosonic sum/integral we write
I(1)B2 =∑
∫
nB
ln

β 2

1−
[
(q0)2−|q|2
]
m2



= 2∫ dω−1q
(2pi)ω−1
ln
(
1− e−βωM
)
,
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where ω2m = |q|2 +m2. Besides, we can rewrite the above expression as
I(1)B2 =−
2β
(4pi)
ω−1
2
1
Γ
(
ω+1
2
) ∫ ∞
0
qω
eβ
√
q2+m2 −1
dq√
q2 +m2
, (3.15)
In particular, it is useful to consider the identity e−β
√
q2+m2
1−e−β
√
q2+m2
= ∑
k=1
e−kβ
√
q2+m2
, this relation holds
since β√q2 +m2 > 0, thus e−β√q2+m2 < 1. Moreover, by means of a change of variables z =√
q2 +m2 and introducing z = mw, we find
I(1)B2 =−
2β
(4pi)
ω−1
2
mω
Γ
(
ω+1
2
)∑
k=1
∫
∞
1
dw
(
w2−1)ω−12 e−kβmw. (3.16)
We can then make use of the following representation of the modified Bessel function of the second-
kind [40]
Kn (z) =
√
pi
Γ
(
n+ 12
) ( z
2
)n ∫ ∞
1
dx
(
x2−1)n− 12 e−zx, (3.17)
and by recognizing n = ω2 and z = kβM, one finds
1
Γ
(
ω+1
2
) ∫ ∞
1
dx
(
x2−1)ω−12 e−kβmx = 1√
pi
(
2
kβm
)ω
2
Kω
2
(kβm) . (3.18)
Hence, this result allows us to write the final expression for the massive contribution as
I(1)B2 =−
4βmω
(2pi)
ω
2
∑
k=1
(
1
kβm
)ω
2
Kω
2
(kβm) . (3.19)
Therefore, with the results (3.14) and (3.19) we find the complete bosonic contribution (3.10)
L
(1) =
1
β 4
[
pi2
45 +
3
16pi2 ∑k=1
(
2βm
k
)2
K2 (kβm)
]
. (3.20)
Although we have obtained a closed form expression, there is not known a form for the above
series, which means that we can resort to thermal properties in order to find a suitable approximation
for its evaluation [41]. We can then assume the high-temperature limit, i.e. the inequality holds
βm≪ 1, which means that the parameter m should be much less than the thermal energy. Thus, we
may use the asymptotic expansion for |z| → 0 [40]
K2 (z)∼ 2
z2
− 1
2
+O(z2), (3.21)
so that, within this approximation, the expression (3.20) can be rewritten in the form
L
(1) =
1
β 4
[
pi2
45 +
3
16pi2 (2βm)
2
(
2
(βm)2 ∑k=1
1
k4 −
1
2 ∑k=1
1
k2 +O((kβm)
2)
)]
. (3.22)
so the above sums can be written in terms of Riemann zeta function, so that
L
(1) ≃ 1β 4
[
pi2
45 +
pi2
60 −
1
16 (βm)
2
]
. (3.23)
We then notice a correction due to GUP at the same order as in the (constant) coefficient Stefan-
Boltzmann law. This will be further discussed later.
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(a) (b)
Figure 2: The two-loop contributions coming from the three- and four-point functions.
4 Two-loop calculation
Since we have already shown the role played by the higher-derivative term by computing the
one-loop contribution, we wish now to highlight the part played by the interactions induced by the
generalized GUP. For this purpose we will now proceed and compute the two-loop order effective
Lagrangian, the two contributing diagrams are shown at Fig. 2. The contribution (a) reads
L
(2)
a =
1
2β 2 ∑
∫
nB
∑
∫
mB
iDµν (q) iΓµλ χ (q,k,−p) iDλθ (k) iΓφθν (p,−k,−q) iDχφ (p) ,
=
1
2β 2 ∑
∫
nB
∑
∫
mB
[
1
k2 −
1
k2−m2
][
1
p2
− 1
p2−m2
][
1
q2
− 1
q2−m2
]
×
[
ηµνηλθ ηχφ iΓµλ χ (q,k,−p) iΓφθν (p,−k,−q)
]
, (4.1)
where k = p−q; while the contribution (b) is given as
L
(2)
b =
1
8β 2 ∑
∫
nB
∑
∫
mB
iDµν (p) iΓµνλσ (p,−p,−q,q) iDλσ (q) ,
=
1
8β 2 ∑
∫
nB
∑
∫
mB
[
1
p2
− 1
p2−m2
][
1
q2
− 1
(q−m2)
][
ηµνηλσ iΓµνλσ (p,−p,−q,q)
]
. (4.2)
The contribution (a), Eq. (4.1), is rather intricate, and after computing the tensor contraction and
performing some simplifications we find
L
(2)
a =−α
2m6
8β 2 ∑
∫
nB
∑
∫
mB
1
(k2−m2)
1
(p2−m2)
1
(q2−m2)
×
[
2k2
q2
+
2p4
k2q2 −4−
3
2
k4
p2q2
−7 p
2
q2
− 2p
2
k2
]
. (4.3)
However, at finite temperature, the massive term is not easily handled, neither in order to get a closed
expression for it, specially in the form present in Eq. (4.3). Hence, as we have considered in the
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Sect.3, we shall regard henceforth the (high-temperature) approximation m2/k2 ≈ β 2m2 ≫ 1 in (4.3),
which is consistent with the hard thermal loop approximation, and then consider the leading terms we
are able to obtain
L
(2)
a ≃−α
2m4
8β 2

∑∫
nB
[
4
1
q2−m2 +
1
2
1
q2
]

∑∫
mB
1
p2−m2

 . (4.4)
We consider next the second contribution (4.2), the tensor contraction is readily computed and result
into
L
(2)
b =
9αm2
β 2

∑∫
nB
[
1
q2
− 1
q2−m2
]

∑∫
mB
1
p2−m2

 . (4.5)
Hence, the sum of the two contributions Eqs.(4.4) and (4.5) gives the total two-loop contribution
L
(2) =L
(2)
a +L
(2)
b (4.6)
=
α2m4
β 2

∑∫
nB
[
143
16
1
q2
− 19
2
1
q2−m2
]

∑∫
mB
1
p2−m2

 , (4.7)
We can compute these sum/integration as follows: first the massless part that gives contribution
1
β ∑
∫
mB
1
q2
=− 1
2pi2
β−2Γ(2)ζ (2) =−β
−2
12
(4.8)
where we have made use of the integration (3.13) and the bosonic sum
1
β ∑mB
1(
2pimbβ
)2
+ω2q
=
1
ωq
[
1
2
+
1
eβωq −1
]
Now the massive integration requires further care in its evaluation
1
β ∑
∫
mB
1
q2−m2 =−
1
2pi2
β−2
∫
dz z
2
√
z2 +a2
1
e
√
z2+a2 −1
(4.9)
where we have defined a2 = β 2m2. In order to gain insights about the behavior of the above integral,
we can consider the high-temperature limit, so that we obtain approximately the leading value of the
integral [41]. In this case, we may consider the expansion [41]
I
(
a2
)≡ ∫ dz z2√
z2 +a2
1
e
√
z2+a2 −1
= I
(
a2
)∣∣
a2=0+a
2 ∂ I
(
a2
)
∂a2
∣∣∣∣∣
a2=0
+
a4
2!
∂ 2I
(
a2
)
∂a4
∣∣∣∣∣
a2=0
+ ... (4.10)
the first term is well defined
I
(
a2
)∣∣
a2=0 =
∫
dz z
ez−1 = Γ(2)ζ (2) =
pi2
6 (4.11)
12
while the second term
∂ I
(
a2
)
∂a2 =−
∫
dz 1√
z2 +a2
1
e
√
z2+a2 −1
(4.12)
however, demands further care, because the limit a = 0 leads to a singular result. Hence, it is conve-
nient to study the regulated quantity
∂ Iε
(
a2
)
∂a2 =−
∫
dz z
−ε
√
z2 +a2
1
e
√
z2+a2 −1
with 0 < ε < 1. This regulated expression is known [41] and can be straightforwardly computed
yielding
∂ Iε
(
a2
)
∂a2 =
1
2
ln a
4pi
− pi
2a
− 1
2
γ +O
(
a2
)
+O (ε) . (4.13)
With these results we then obtain the following expression containing the leading terms of the expan-
sion (4.10) ∫
dz z
2
√
z2 +a2
1
e
√
z2+a2 −1
≃ pi
2
6 +a
2
(
1
2
ln a
4pi
− pi
2a
− 1
2
γ
)
(4.14)
Hence, with the result (4.14), we find that the massive contribution (4.9) reads
1
β ∑
∫
mB
1
q2−m2 =−
1
12
β−2− m
2
8pi2 ln
β 2m2
4pi
+
1
4pi
m
β +
m2
4pi2
γ (4.15)
Finally, replacing the obtained results (4.15) and (4.8) back into the expression (4.7), we obtain that
the two-loop contribution to the effective action is
L
(2) ≃ α
2m4
β 4
[
− 1
256 +
161
768pi mβ +
1
32pi2
(
161γ
24
−19
)
m2β 2− 19γ
16pi3 m
3β 3− 19γ
2
32pi4
m4β 4
−
(
161
1536pi2 m
2β 2− 1932pi3 m
3β 3− 19γ32pi4 m
4β 4
)
ln β
2m2
4pi
]
. (4.16)
Notice that the effective Lagrangian computed here is equal to Leff = lnZ, thus we can determine
any thermodynamical quantities. Hence, to highlight the GUP effects from the ordinary behavior into
obtained results it is useful to compute some of these quantities. In this way, we proceed in computing
the internal energy density
u(T ) =−
(
1+β ddβ
)
L
total (4.17)
where Ltotal is the sum of the one- and two-loop contributions, Eqs. (3.23) and (4.16), respectively.
Hence, performing the derivative of the above expression, we find
u(T ) =
pi2
15
1
β 4 +
(
pi2
20
− 1
16m
2β 2
)
1
β 4
− α
2m4
β 4
[
3
256 −
161
384pi mβ −
1
768pi2 (161γ−295)m
2β 2 + 19
16pi3 m
3β 3 + 19γ
2
32pi4 m
4β 4
+
(
161
1536pi2 m
2β 2 + 19γ
32pi4
m4β 4
)
ln β
2m2
4pi
]
. (4.18)
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It should be remarked that the first term in the right-hand side is the usual Stefan-Boltzmann law,
u = σT 4 where σ = pi2/15, and the remaining terms can be thought as corrections δσgup to the law
due to GUP effects (even the constant terms is corrected in this case). Moreover, equation (4.18) can
be used in the description of new phenomena that involve both massless and massive propagating
modes for the gauge field. For instance, it has recently been proposed that a nonvanishing photon
mass (mγ ≤ 10−27eV ) can be used rather than a cosmological constant (Λ ∼ m2γ ) to explain dark
energy consistent with the current observations [42]. In this cosmological scenario thermal effects of
massive photons as described here could have prominent role.
5 Concluding remarks
In this paper we have considered the thermodynamics of a photon gas subject to a deformed
Heisenberg algebra, or more precisely with the presence of a minimal measurable length. The anal-
ysis followed a field theoretical point-of-view in order to compute the effective Lagrangian (parti-
tion function). In particular, we have made use of a proposed covariant extension of the original
generalized uncertainty principle. After a brief review of this extension, we proceed in order to de-
termine a dynamics for the photon field. For that matter, we first defined a fermionic matter action
and then by resorting to local gauge invariance, we introduced a GUP covariant derivative Dµ that
transforms correctly under the given local transformation, i.e. Dµ →U (x)DµU† (x). With this new
GUP covariant derivative is straightforward to compute the field strength tensor by the usual identity
iFµνΦ =
[
Dµ ,Dν
]
Φ. Finally, with this quantity, we can compute generalized invariants such as
FµνFµν and FµνGµν . It is important to remark that we have taken an expansion in the minimal
length α and considered O(α2) terms in our analysis.
After establishing a GUP modified Maxwell action, in which three- and four-point couplings are
now present, we have computed the propagators and the respective vertex functions. Notice that the
coefficient of these vertex functions are corrected by nonlocal contributions, i.e. higher-order con-
tributions of the expansion in α , so that the quantities computed here are basically the first-order
approximation. In order to highlight the GUP effects we wish to compute thermodynamical quanti-
ties. In this way, we considered the one- and two-loop order contribution to the effective Lagrangian
(partition function) at the high-temperature limit. Thus, the obtained additional terms can be seen as
corrections δσGUP to the Stefan-Boltzmann law due to GUP effects.
Since we have found the presence of a higher-derivative term in the deformed action, we might
also wish to circumvent this illness by considering a different covariant algebra, in which the temporal
coordinates are as the usual, and the higher-derivatives are only present at the spatial coordinates, i.e.
xˆµ = xµ , pˆν =
(
p0,
(
1+α~p2
)
pi
)
. This can be regarded as a Horava-Lifshitz-like theory, since
there are no ghosts (negative energy modes) present. Moreover, we can proceed as before and define
a covariant derivative such as Dµ = (∇0,(1−α∇k∇k)∇i) in order to perform an analysis of this
Horava-Lifshitz-like field theory. The subject is under consideration and will be reported elsewhere.
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